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Cavity flow past a circular cylinder is considered accounting for the surface tension on the cavity
boundary. The fluid is assumed to be inviscid and incompressible, and the flow is assumed to be irro-
tational. The solution is based on two derived governing expressions, which are the complex velocity and
the derivative of the complex potential defined in an auxiliary parameter region. An integral equation in
the velocity magnitude along the free surface is derived from the dynamic boundary condition. The
Brillouin–Villat criterion is employed to determine the location of the point of flow separation. The cases
of zero surface tension and zero cavitation number are obtained as limiting cases of the solution.
Numerical results concerning the effects of surface tension and cavitation development on the cavity
detachment, the drag force and the geometry of the free boundaries are presented over a wide range of
the Weber and the cavitation numbers.

� 2009 Elsevier Masson SAS. All rights reserved.
1. Introduction

The study of cavity flows past curved bodies with surface
tension started to receive much attention in 1970s owing to the
development of hydrofoil sections for high-speed crafts, marine
propellers and turbopumps designed to work under cavitation
conditions. During that time, the application of the classical theory
of free streamline flows failed to take into account any effects which
surface tension might have on the free surface shape and the flow
detachment point.

Important progress in the understanding of the influence of
surface tension on the cavitating flow past a curved body was
archived by Vanden-Broeck [1–3], who obtained a mathematical
solution of the problem for zero cavitation number assuming that
the contact angle between the free surface and the body may be
different from zero. He found that the position of the separation
point is uniquely determined by specifying the value of the Weber
number and the contact angle at the separation point. In the last
case, for a given value of the Weber number there is a particular
position of the separation point for which the slope is continuous,
the velocity magnitude is finite and the body and free surface
curvatures are equal. This special case corresponds to the Brillouin–
Villat criterion requiring a finite velocity throughout the flow
region [4,5].
n), semenov@a-teleport.com
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The experimental examination of free cavity detachment by
Arakeri and Acosta [6] and Tassin Leger and Ceccio [7] for bluff body
cavitation showed that the cavity detachment point was well
downstream of that predicted by the classical model of ideal fluid.
They found that the laminar boundary layer separation occurs
upstream the cavity detachment and delays the cavity formation.
The location of the boundary layer separation was a strong function
of the cavitation number and a weak function of the Reynolds
number.

Franc and Michel [8] examined flow over hydrofoils and also
recognized the relationship between the boundary layer separation
and the formation of attached cavitation. They proposed a new
cavity detachment criterion based on the interaction of the inviscid
cavity flow with the boundary layer upstream of the cavity
detachment. They also drew attention to a paradox associated with
the experimentally observed laminar flow separation. The paradox
lies in the fact that the pressure gradient providing the laminar flow
separation should be positive, whereas this is impossible assuming
that the pressure in the cavity is the minimal pressure in the flow
region.

From the above discussion it can be seen that there are two
major factors influencing the cavity detachment, which are fluid
viscosity and surface tension. At the moment, the contribution of
each factor to the cavity detachment is still not fully understood.
Obviously, the role of surface tension increases with decreasing
body size or jet nozzle diameter. In industrial applications this
occurs, for example, in ink jet printing [9], diesel injection
systems [10] and hydroentangling nozzles in non-woven pro-
cessing [11].
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The role of surface tension in the cavity detachment has been
investigated only for cases corresponding to open cavities and
zero cavitation number. The problem under consideration
becomes more complicated for the case of a non-zero cavitation
number due to additional assumptions that are required to
resolve the Brillouin paradox [12] and provide the closure of the
cavity [13]. Besides, it is well known that an increase in the
cavitation number affects the cavity length much more drastically
than its width. This means that the curvature of the free surface
and thus effects of surface tension may also increase at higher
cavitation numbers.

In this paper we present an analytical solution of the problem of
cavity flow past an arbitrarily shaped body in the presence of
surface tension on the free boundaries for an arbitrary cavitation
number. The analytical solutions corresponding to zero cavitation
number and zero surface tension are obtained as special cases. The
method of solution is based on deriving analytical expressions for
the complex velocity and for the derivative of the complex poten-
tial, both defined in a parameter region. The expression for the
complex velocity is obtained by using the integral formula [14] for
solving the mixed boundary-value problem for the first quadrant.
The derivative of the complex potential is obtained by using
Chaplygin’s singular point method [15,16]. The expression for the
complex velocity contains two functions, which are the function of
the slope of the tangent to the body and the function of the velocity
magnitude along the free boundary. Such representation of the
complex velocity makes it possible to directly apply the Brillouin–
Villat condition to determine the location of minimal pressure,
which may correspond to laminar flow separation or cavity
detachment depending on whether or not the flow model takes
account of the boundary layer. The solution is obtained in the form
of a system of integro-differential equations in the aforementioned
functions, which are derived from the dynamic and kinematic
boundary conditions.

The formulation of the problem and the derivation of the gov-
erning expressions are discussed in Section 2. In Section 2.2 an
implicit cavity closure model is presented. The model makes it
possible to take into consideration both non-zero surface tension
and non-zero cavitation numbers. The numerical procedure for
solving the integro-differential equations and the numerical results
corresponding to the flow past a circular cylinder are presented in
Section 3. The dependences of the flow parameters on both the
Weber and the cavitation number are discussed.
2. Statement of the problem

We consider the cavity flow of an inviscid incompressible fluid
past a circular cylinder of radius R sketched in Fig. 1a taking into
consideration the surface tension on the cavity boundary. We
introduce Cartesian coordinates x and y and assume that the flow is
symmetric about the x-axis. An implicit model of cavity closure is
employed, for which the cavity contour OC is continued by the
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Fig. 1. Sketch of the cavity flow past a circular cylinder a) and parameter plane b).
closing line CB. On the closing line the velocity magnitude is given as
a function of the spatial coordinate s along the contour. As s / N,
this function tends to the velocity at infinity, U, and provides the
closure of the cavity at infinity. This closure scheme in some sense
simulates the viscous wake occurring downstream of the cavity in
real flows [17].

Surface tension affects the pressure jump across the cavity
boundary according to the Laplace–Young condition

p� pc ¼ sc; (1)

where pc is the pressure in the cavity, s is the coefficient of surface
tension, and c is the curvature of the cavity boundary.

From the Bernoulli equation

V2

2
þ p

r
¼ U2

2
þ pN

r

and the Laplace–Young condition (1) we can express the magnitude
of the velocity on the cavity boundary as follows

v ¼ V
U
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ s� 2cR

We

r
: (2)

Here, s is the cavitation number and We is the Weber number,
which are defined as follows

s ¼ pN � pc

1=2rU2 ; We ¼ rU2R
s

; (3)

where pN is the pressure at infinity, and r is the liquid density.
Let us introduce the complex potential wðzÞ ¼ fðx; yÞ þ ijðx; yÞ

where fðx; yÞ is the flow potential and jðx; yÞ is the stream function,
which is the harmonic conjugate of f. If expressions for the
complex conjugate velocity, dw/dz, and for the derivative of the
complex potential, dw/d2, both defined in the parameter region 2,
are known, then we obtain the solution of the problem in the
parametric form [18]:

wð2Þ ¼ w0 þ
Z2

0

dw
d20

d20; zð2Þ ¼ z0 þ
Z2

0

dw
d20

.dw
dz

d20 (4)

where z0 is the coordinate of point O, and w0 is the chosen value of
the complex potential at this point.

Let the first quadrant of the 2-plane, where the complex variable
is 2¼ xþ ih, corresponds to the physical flow region. Conformal
mapping allows us to fix three points O, A and B as shown in Fig. 1b,
so that the interval 0< x< 1 of the real axis corresponds to the
wetted part of the cylinder, and the interval 1< x<N corresponds
to the wall symmetry line CB00. The imaginary h-axis of the
parameter region corresponds to the free boundary OCB including
the cavity contour OC corresponding to 0< h< hc and the closure
contour CB, for which hc< h<N. Since the actual ranges of the
complex velocity and complex potential are unknown a priori, an
explicit conformal transformation of the first quadrant onto the
complex velocity and complex potential planes is a difficult
problem. At this stage, to find these functions, we assume that the
magnitude of the velocity v and the slope b of the tangent to the
wetted part of the body are known as functions of the parameter
variables h and x, respectively.
2.1. Expressions for the complex velocity and for the derivative
of the complex potential

Using the above definitions, the boundary conditions for the
complex velocity, dw/dz, can be written as follows
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arg
dw
dz

¼ �bðxÞ; 0 < x < 1; h ¼ 0;

� �

arg
�

dw
dz

�
¼ 0; 1 < x < N; h ¼ 0;
����dw
���� ¼ vðhÞ; 0 < h < N; x ¼ 0: (5)
dz

The function b(x) decreases when moving from point O to point
A from the value bð0Þ ¼ b0 to the value bð1Þ ¼ �p=2. The problem
is then to find the function dw/dz in the first quadrant of the
parameter plane which satisfies the boundary conditions (5). The
formula [14]

dw
dz
¼ v0 exp

2
41

p

ZN
0

db

dx0
ln

 
2�x0

2þx0

!
dx0� i

p

ZN
0

dlnv

dh0
ln
�

ih0�2

ih0þ2

�
dh0

3
5;

(6)

provides the solution of the mixed boundary-value problem (5). It
can be easily verified that for 2¼ x the argument of the function
dw/dz is the function b(x) while for 2¼ ih the magnitude of dw/dz is
the function v(h), i.e. the boundary conditions (5) are satisfied.

The argument of the complex velocity undergoes a step change
at point A (2¼ 1), which corresponds to the angle between the
cylinder surface and the axis of symmetry. Evaluating the first
integral over the step change at the point 2¼ 1,
bð1þ 3Þ � bð1� 3Þ ¼ p=2, where 3/0, we finally obtain the
expression for the complex velocity

dw
dz
¼ v0

�
2� 1
2þ 1

�1=2

exp

2
41

p

Z1

0

db

dx0
ln

 
2� x0

2þ x0

!
dx0

� i
p

ZN
0

dln v

dh0
ln
�

ih0 � 2

ih0 þ 2

�
dh0

3
5: (7)

An explicit expression for the derivative of the complex poten-
tial can be obtained by using the conformal mapping method
because the region of the complex potential w is just a half-plane of
the w-plane, i.e. �N< 4<N, j¼ 0. There is only one point, 2¼ 0,
where the mapping of the first quadrant onto the w-plane is not
conformal. Thus the complex potential wð2Þ has a singularity at the
point 2¼ 0, where its local behavior is w w K22, K being a real
constant. There are no other points in the 2-plane where the
mapping is not conformal. Thus, the derivative of the complex
potential takes the form

dw
d2
¼ K2: (8)

Dividing (8) by (7), we derive the expression

dz
d2
¼ K2

v0

�
2þ 1
2� 1

�1=2

exp

2
4� 1

p

Z1

0

db

dx0
ln

 
2� x0

2þ x0

!
dx0

þ i
p

ZN
0

d ln v

dh0
ln
�

ih0 � 2

ih0 þ 2

�
dh0

3
5; (9)

whose integration in equation (4) gives the function z(2) which
conformally maps the first quadrant of the parameter plane onto
the flow region in the z-plane. The integration along the imagi-
nary axis of the parameter region provides the free surface of the
flow. The parameter K and the functions bðxÞ and vðhÞ are
determined from the boundary conditions and from physical
considerations.

The spatial coordinate s along the free surface, s¼ s(h), and along
the wetted part of the cylinder, s ¼ sðxÞ, is determined as follows

sðhÞ ¼ �
Zh

0

����dz
d2

����
2 ¼ ih

dh ¼ �K
Zh

0

h

vðhÞ dh; (10)

sðxÞ ¼
Zx

0

����dz
d2

����
2 ¼ x

dx: (11)

The real factor K is determined from the condition for the length
of the wetted part of the cylinder Sw¼ Rg. By substituting equation
(9) into (11), we obtain

Sw ¼
K
v0

Z1

0

x

�
xþ 1
1� x

�1
2

exp

2
4� 1

p

Z1

0

db

dx0
ln

�����x� x0

xþ x0

����� dx0

� 1
p

ZN
0

d ln v

dh0

�
p� 2 tan�1h0

x

�
dh0

3
5dx: (12)

2.2. Cavity closure model

Within the framework of the model of ideal fluid the formula-
tion of the cavity flow problem with non-zero cavitation numbers is
not unique due to the Brillouin paradox [12]. As a way to resolve
this paradox, additional assumptions as to the flow in the cavity
closure region are necessary. The assumptions made by Roshko,
Riabouchinsky, Efros in his re-entrant jet model, Tulin, etc. are now
well known as classical models of cavity flows [16]. These models
provide close results for developed cavitating flows, for which the
cavity re-closes downstream of the cavitating object. In cases
where the size of the cavity is comparable with the body size or the
cavity surface re-closes on the solid surface of the cavitating object
(partial cavitation) different assumptions made in the cavity
closure region lead to different results. Besides, there are some
differences in the formulation of the problems of partial and
developed cavitation, which makes it difficult to study the transi-
tion from developed to partial cavitation.

The model of viscous cavity flow [17] based on the viscous/
inviscid interaction approach proposed by Crocco and Lees [19]
takes into consideration viscous effects of the fluid, which manifest
themselves significantly in the cavity closure region. In that model,
the velocity magnitude on the boundary of the outer inviscid flow
consisting of the cavity surface and the displacement thickness of
the viscous wake is determined from the Bernouli equation and
equations modeling the flow in the wake region, respectively. In the
present work aimed to study the surface tension effects, we drop
the model of the viscous wake and introduce an assumption as to
the velocity distribution along the wake.

It is assumed for simplicity that the velocity magnitude, v(s), on
the cavity closure contour CDB linearly decreases from the value vc

determined by equation (2) at the point of separation C to the value
U at infinity (point D)

vðs0Þ ¼

8>><
>>:

vc
s0C þ SCD � s0

SCD
þ U

s0 � s0C
SCD

; s0C � s0 � s0C þ SCD

U; s0C þ SCD < s0 < N ð13Þ

where s0 ¼ �s> 0, and SCD is the given length between points
C and D.
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The cavity closure condition requires that the y-coordinates of
the free surface at infinity on the right and left sides be the same,
that is

Im

 
#

2¼N

dz
d2

d2

!
¼�Im

 
#

20¼0

dz
d20

d20

202

!
¼�ip

4
res
20¼0

d2

d202

�
dz
d20

20
�
¼0;

(14)

where 20 ¼ 1/2.
By evaluating the integral using the theorem of residues, we get

the following equation

Z1

0

db

dx0
x0 dx0 þ

ZN
0

d ln v

dh0
h0 dh0 þ p

2
¼ 0: (15)

The magnitude of the velocity v(h)¼ v[s(h)], hC< h<N, on the
closure contour CD given by equation (13) affects the second inte-
gral in equation (15). By finding an appropriate value of the coor-
dinate sC ¼ sðhCÞ, which determines the cavity length, equation
(15) can be satisfied.

2.3. Condition for flow separation

The problem of cavity flow with surface tension past a circular
cylinder was investigated widely by Vanden-Broeck [1–3] for the
case of zero cavitation number. He found that there exists only one
angular position g* of the flow separation point for which the
velocity takes a finite value at this point. For g< g* the velocity at
the separation point tends to infinity, and therefore its derivative
dv/ds< 0. Here, s is the spatial coordinate along the cylinder surface
measured from the separation point. For the case g> g* the velocity
at the separation point tends to zero, and therefore dv/ds> 0. Since
the velocity takes a finite value for g¼ g*, dv/ds should be equal to
zero at the separation point. This is the formulation of the Brillouin–
Villat condition [16,12] determining the location of flow separation.
From the above discussion we can conclude that this condition also
retains its form for the problem under consideration, i.e.

lim
s/0

d ln v

ds
¼ 0; (16)

where s is the spatial coordinate along the body.
By using the relation dðln vÞ=ds ¼ ðdðln vÞ=dxÞ=ðds=dxÞ and

differentiating the function vðxÞ ¼ jdw=dzj2¼x determined by
equation (6), the condition (16) takes the form

Z1

0

db

dx0
dx0

x0
�
ZN
0

d ln v

dh0
dh0

h0
þ p

2
¼ 0: (17)

This is an equation in the unknown length of the wetted part of
the foil, Sw, which affects the function bðxÞ ¼ b½sðxÞ�, 0< s< Sw.

2.4. Integro-differential equations in the functions bðxÞ and vðhÞ

Since the function bðsÞ is given by the body shape, the function
bðxÞ, in view of equation (10), is determined from the following
integro-differential equation

db

dx
¼db

ds
ds
dx
¼ c½sðxÞ� Kx

v0

�
1þ x

1� x

�1
2

exp

2
4� 1

p

Z1

0

db

dx0
ln

 
x0 � x

x0 þ x

!
dx0

� 1
p

Z
d ln v

dh0
ln
�

p� 2tan�1
�

h0

x

��
dh0
�
; ð18Þ
where c(s) is the curvature of the body given as a function of the arc
length s.

In order to derive an integral equation in the function vðhÞ, we first
need to get an expression for the curvature c along the cavity
boundary, i.e. along the imaginary axis h of the parameter region. The
slope of the free surface is determined from equation (7) as follows

gðhÞ¼�arg
�

dw
dz

�
¼ tan�1h�p=2�1

p

Z1

0

db

dx0

�
p�2tan�1

�
h

x0

��
dx0

þ1
p

ZN
0

dlnv

dh0
ln
����h0�h

h0þh

����dh0

Differentiating the above equation and taking into account equa-
tion (10), we find the curvature of the free surface

c¼ dg=dh

ds=dh

¼� v

Kh

0
@ 1

1þh2þ
2
p

Z1

0

db

dx0
x0 dx0

x02þh2
�2

p

ZN
0

d lnv

dh0
h0 dh0

h02�h2

1
A: ð19Þ

By substituting equation (19) into the dynamic boundary
condition (2), we obtain the following integral equation in the
function d ln v/dh

2
p

ZN
0

d lnv

dh0
h0 dh0

h02�h2
¼ 1

1þh2
þ2

p

Z1

0

db

dx0
x0 dx0

x02þh2
þWeKh

2Rv

�
1þs�v2

�
;

(20)

where

vðhÞ ¼ v0 exp

0
@Zh

0

d ln v

dh0
dh0

1
A and v0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ sþ 2=We

p

2.5. Curvature of the free surface at the point of separation

In order to evaluate the curvature of the free surface at the
separation point, where at h¼ 0 equation (19) has an indeterminate
form, we differentiate the numerator and denominator of equation
(19) to obtain:

c0 ¼ lim
h/0

8<
:� 1

K
dv

dh

0
@ 1

1þ h2 þ
2
p

ZN
0

db

dx0
x0 dx0

x02 þ h2

� 2
p

ZN
0

d ln v

dh0
h0 dh0

h02 � h2

1
A
9=
;þ lim

h/0

8<
:2hv

K

0
@ 1	

1þ h2

2

þ 2
p

ZN
0

db

dx0
x0 dx0	

x02 þ h2

2 þ

2
p

ZN
0

d ln v

dh0
h0 dh0	

h02 � h2

2

1
A
9=
; (21)

The first term in the above equation equals zero due to the flow
separation condition (17). In order to evaluate the second term
containing the singular integrals, we have to estimate the behavior
of the functions d ln v/dh at h / 0 and db/dx at x / 0. From the
Brillouin–Villat condition (16) it follows

d ln v

ds
¼ d ln v

dh

.ds
dh
¼ 0:



Table 1
Effect of the number of nodes on the angle of separation for different Weber
numbers at zero cavitation number.

We N¼ 25 N¼ 50 N¼ 100 N¼ 200

105 54.56 54.94 55.02 55.04
102 55.05 55.83 56.03 56.05
10 58.70 61.04 61.76 61.81
5 61.7 65.08 65.98 66.05
3 64.85 69.11 70.23 70.30
2 67.83 72.93 74.24 74.31
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In view of equation (10), it can be seen that for h/0
ds=dh ¼ Kh=vðhÞwh. Therefore, from equation (16) it follows

lim
h/0

d ln v

dh

1
h
¼ 0; 0

d ln v

dh
wh1þa; h/0; a � 0: (22)

The behavior of the function db/dx is determined in a similar
way

db

dx
¼ db

ds
ds
dx
¼ �1

R
ds
dx
¼ �1

R
Kx

vðxÞ; 0
db

dx
w� K

Rv0
x; (23)

where v0 ¼ lim
x/0

vðxÞ ¼ lim
x/0
jdw=dzj2¼x, and R is the radius of the

cylinder.
By substituting the estimates (22) and (23) of the functions

d ln v/dh and db/dx into the corresponding integrals in equation
(21) and taking into account that

lim
h/0

h

ZN
0

h02 dh0	
h02 � h2


2 ¼ 0 and lim
h/0

h

ZN
0

x02 dx0	
x02 þ h2


2 ¼
p
4
;

we can find that the curvature of the free surface at the point of
flow separation is equal to the curvature of the body, i.e.

c0 ¼ limcðhÞ
h/0

¼ �1
R
: (24)

3. Numerical method and results

The body shape is chosen to be a circular cylinder of radius R,
the length of the closure interval being related to R as SCD/R¼ 10.
In discrete form, the solution is sought on a fixed set of points xj,
j¼ 1,.,M distributed along the real axis of the parameter region
and on a fixed set of points hj, j¼ 1,.,N distributed along its
imaginary axis. The total number of points hj was chosen in the
range N¼ 25–200, and the total number of points xj was chosen in
the range M¼ 3N to check the convergence of the solution
procedure. The points xj are distributed so as to provide a higher
density of the points sj ¼ sðxjÞ at points O and A, at which the
derivative ds=dx ¼ jdz=d2j2¼x has singularities. The distribution of
the points hj is chosen so as to provide a higher density of the
points sj ¼ sðhjÞ on the free surface near the point of flow
separation.

The solution of equations (20) was found by the method of
successive approximations applying the Hilbert transform to
determine the (kþ 1)th approximation

�
d ln v

dh

�ðkþ1Þ
¼ 4

p2

ZN
0

FðkÞðh0Þ h0 dh0	
h02 � h2


; (25)

where

FðkÞðhÞ ¼ 1
1þh2

þ2
p

Z1

0

�
db

dx0

�ðkÞ x0dx0

x02þh2
þWeKh

2RvðkÞ

�
1þs�

�
vðkÞ
�2
�
;

(26)

vðkÞðhÞ ¼ v0 exp

0
@Zh

0

�
dðln vÞ

dh0

�ðkÞ
dh0

1
A:

In each iteration step k the integro-differential equation (18) in
the function db/dx was solved using the inner iteration procedure
�
db
�ðlþ1Þ

¼c
h
sðlÞðxÞ

iKðlÞx
�

1þx
�1

2

exp

2
4�1

Z1�
db
�ðlÞ

ln

 
x0�x

!
dx0
dx v0 1�x p
0

dx0 x0þx

�1
p

ZN
0

�
dlnv

dh0

�ðkÞ�
p�2tan�1

�
h0

x

��
dh0

3
5; ð27Þ

where the curvature cðsÞh�1=R for the case of the circular
cylinder.

In each iteration step l the parameters K(l), hC and Sw¼ gR were
calculated from equation (12), (15) and (17), respectively. The
integrals appearing in the system of equations were evaluated
using the linear interpolation of the functions bðxÞ and dðln vÞ=dh

on the intervals ðxj�1; xjÞ and ðhj�1; hjÞ, respectively. In the first
iteration the functions bðxÞ and ðd ln vÞ=dh were given as bðxÞh0
and vðhÞh1.

The convergence of the inner iteration procedure required 5–10

iterations to reach the condition jðdb=dxÞlþ1
j � ðdb=dxÞljj < 3,

j¼ 1,.,M, for the chosen value 3¼ 10�7. The convergence of the

outer iterations required from several hundreds to several thou-

sands of iterations, and it was obtained applying the under-relax-

ation method.
3.1. Validation of the numerical procedure

With the aim to estimate the accuracy of the results for finite
Weber numbers, in Table 1 the calculated angles of flow separation
are presented for four numbers of nodes on the free surface. The
difference between the results corresponding to different numbers
of nodes decreases with the number of nodes, thus showing the
convergence of the numerical results to the solution of the
problem. The accuracy slightly decreases as the Weber number
decreases. However, the difference between the results corre-
sponding to N¼ 100 and 200 is about 0.1%, which is rather good for
this kind of problems.

For validation purposes, Table 2 compares the angles of flow
separation and the drag coefficients for zero surface tension and
number of nodes N¼ 100 with the results presented in Gurevich
[16]. Some difference, which is less than 1.2%, occurs for larger
cavitation numbers.
3.2. Effect of the Weber and the cavitation numbers
on the flow parameters

In Table 3, the solutions are presented in terms of the angle of
cavity detachment g, the drag coefficient Cx, and the cavity length lc.
For the case of zero cavitation number the cavity length is not
shown since it takes an infinite value. From the results it can be
seen that as the Weber number decreases, the angle g increases
while the drag coefficient and the cavity length decrease.



Table 2
The flow separation angles and drag coefficients for various cavitation numbers
compared with the data presented in Gurevich [16].

s Present g, deg. [16] Present Cx [16]

0 55.02 55.04 0.4986 0.4986
0.1 55.11 55.13 0.5493 0.5493
0.2 55.39 55.37 0.6018 0.6016
0.3 55.78 55.73 0.6560 0.6553
0.5 56.84 56.70 0.7696 0.7677
0.8 59.00 58.61 0.9536 0.9476
1.0 60.84 60.11 1.0847 1.0751

a

b

Fig. 2. Effect of surface tension on the cavity shape for cavitation number s¼ 0 (a) and
for s¼ 0.2 (b). The cavity contours are shown by thin lines; the cavity closure contour
for We¼ 1.2 in (b) is shown by a thick line. For larger Weber numbers the cavity
lengths exceed the plot area of figure (b).
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The cavitation number affects the angle of cavity detachment
and the drag coefficient only slightly while the cavity length
depends more significantly on both these parameters. It should be
noted that the cavity length depends slightly on the cavity closure
model too, namely, on the length of the interval SCD and the velocity
distribution along this interval. It can be seen from equation (15)
that the second integral depends on the velocity distribution vðhÞ
along the line CDB0 corresponding to the interval hC< h<N on the
imaginary axis of the parameter plane. The results presented in
Table 3 were obtained for the velocity distribution along the closure
line given by equation (13).

Fig. 2 shows the cavity contours for cavitation numbers s¼ 0
(a) and s¼ 0.2 (b) and different Weber numbers. It can be seen
that the wetted part of the cylinder becomes larger and the cavity
width becomes smaller as the Weber number decreases. For
cavitation number s¼ 0 and Weber number We¼ 0.8 the cavity
boundary reaches the symmetry line at x z 4. From a mathemat-
ical viewpoint, the solution can exist for We< 0.8, but for physical
reasons this is the limit Weber number corresponding to zero
cavitation number and an infinite cavity length. For Weber
number We¼ 0.6, the cavity boundary reaches the symmetry line
closer to the cylinder at x z 2. Such behavior confirms Vanden-
Broeck’s results [2], according to which the cavity length tends to
zero as We / 0.

Another feature is that the curvature may reverse when moving
along the cavity boundary. However, the magnitude of the curva-
ture decreases and tends to zero at infinity. Ackerberg’s solution
[20] contains waves on the free surface downstream. Cumberbatch
and Norbury [21] have noted that these waves are not physically
acceptable because they require a supply of energy from infinity.

The solution presented here shows that the amplitude of the
waves rapidly decreases. This can be seen more clearly from the
behavior of the curvature along the cavity boundary shown in Fig. 3.
For near-zero surface tension (We¼ 105), the curvature mono-
tonically increases from the value of the cylinder curvature at the
detachment point to zero at infinity. For Weber numbers We> 10,
Table 3
Effect of the Weber and the cavitation numbers on the angle of cavity detachment,
the drag coefficient, and the cavity length.

We s¼ 0 s¼ 0.2 s¼ 0.5

g Cx g Cx SC g Cx SC

105 55.02 0.4986 55.39 0.6017 42.0 56.84 0.7695 4.49
103 55.12 0.4983 55.47 0.6015 42.0 56.91 0.7692 4.49
102 56.03 0.4957 56.36 0.5989 41.4 57.63 0.7668 4.38
30 57.82 0.4878 57.79 0.5913 40.1 58.88 0.7596 4.13
10 61.76 0.4596 61.25 0.5643 36.6 61.93 0.7346 3.42
7 63.68 0.4385 63.05 0.5443 34.2 63.58 0.7161 2.97
5 65.98 0.4084 65.12 0.5155 31.3 65.51 0.6896 2.39
4 67.74 0.3804 66.72 0.4888 28.6 67.03 0.6651 1.91
3 70.23 0.3322 69.07 0.4425 24.9 69.34 0.6226 1.15
2.5 71.97 0.2928 70.72 0.4043 21.8 – – –
2 74.24 0.2329 72.99 0.3457 17.5 – – –
the curvature behaves like a wave close to the separation point.
However, it remains negative along the cavity, so the wave on the
free surface does not appear. For larger surface tension (We< 10),
an interval in which the cavity curvature becomes positive appears
on the cavity boundary. The length of this interval increases with
increasing surface tension (decreasing Weber number). This
reversal of sense of the curvature for Weber numbers less than 10
can also be seen from the shape of the cavity boundaries in Fig. 2.

Fig. 4 shows the cavity length lc and the drag coefficient Cx

versus the Weber number at cavitation number s¼ 0.2. It can be
seen that for We> 20 the effect of surface tension on the flow
parameters is quite small. For lower Weber numbers the drag
coefficient decreases with decreasing Weber number.
Fig. 3. Effect of surface tension on the curvature of the free surface at zero cavitation
number.



Fig. 4. Effect of surface tension on the cavity length and the drag coefficient at cavi-
tation number s¼ 0.2.
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In the present formulation of the problem there is a pressure
jump along the cylinder surface at the separation point. Indeed, the
pressure in the cavity is pc and the pressure on the cylinder surface
near the separation point is p¼ pcþ sc0< pc. By introducing the
pressure coefficient

Cp ¼
p� pc

1=2rU2

we can determine from equation (1) the jump in the pressure
coefficient at the separation point Cp¼�2/We. The smaller the
Weber number, the larger the wetted part of the cylinder where the
pressure is negative, which causes the drag coefficient to decrease.
In real flows the pressure jump does not occur. However, there is
a small region of a positive pressure gradient downstream corre-
sponding to the separated laminar boundary layer, which occupies
some room upstream of the cavity detachment [6].

The solution presented above may be used as a solution for the
outer inviscid flow within the framework of the viscous/inviscid
interaction approach. From the solution it is possible to determine
the displacement thickness of the viscous layer, which is the
distance between the boundary of the inviscid flow (cavity
boundary in the present formulation) and the body. The boundary
layer theory [22] makes it possible to determine the velocity
magnitude at the outer boundary of the viscous layer if the
displacement thickness is given. The determined magnitude of the
velocity is used in the boundary conditions (5) instead of that
obtained from the Bernoulli equation (condition (2)). By repeating
the solution process for the outer flow, we can determine a refined
location of the inviscid boundary and thus a refined displacement
thickness. In this approach, the point of minimal pressure deter-
mined from the Brillouin–Villat condition will correspond to the
separation point of the laminar boundary layer [7].

4. Conclusions

The problem of cavity flow past a circular cylinder with due
regard for the surface tension and cavitation effects has been solved
using an advanced hodograph method of complex analysis.
Analytical expressions for the flow potential and for the function
that conformally maps the parameter region onto the flow region
have been obtained in integral form containing the velocity
magnitude along the free surface and the slope of the tangent to the
wetted part of the body, both as functions of the parameter vari-
able. A system of integro-differential equations in these two func-
tions has been derived from the dynamic and kinematic boundary
conditions.
An equation determining the cavity detachment point is found
in explicit form by applying the Brillouin–Villat condition to the
expression for the complex velocity.

The flow parameters have been investigated over a wide range
of the Weber and the cavitation numbers. The numerical results
show that for Weber numbers larger than 20 the effect of surface
tension on the flow parameters is too small. For lower Weber
numbers, the surface tension reduces the cavity length and the drag
coefficient while the length of the wetted part of the cylinder
increases.

At the separation point, the curvature of the free surface is equal
to the curvature of the body, and its magnitude takes its maximal
value. From this point on, the curvature increases up to some
maximal value, which may be positive. At some low values of the
Weber number, an intersection of the upper and lower free surfaces
may occur, which limits the range of applicability of the present
formulation of the problem.
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